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$P$ chain, $P$ $x_{0}<x_{1}<\cdots<x_{n}$
, .
Robinson-Schensted ,
Young $Y$ (Young )
chain bijective 1:
. , wreath Robinson-Schensted ,
Young $Y^{k}$ chain




$P$ . $x<y$ , $x<z<y$ $z\in P$ $|$
, $y$ $x$ ( $y$ covers $x$ ) . $x$ (resp. $x$ $|$
) $P$ $C^{+}(x)$ (resp. $C^{-}(x)$ ) . $P$ $|$
$c=(x_{0}<x_{1}<\cdots<x_{n})$ $x_{0}$ $x_{n}$ chain . $|$








. $P$ $\wedge 0$ . $x\in P$ , $\wedge 0$
$x$ saturated chaln $C_{P}(x)$ ,
$e_{P}(x)=\# C_{P}(x)$ .
$P$
$\rho$ : $Parrow Z_{\geq 0}$ ,
(graded) .
(a) $x$ $P$ , $\rho(x)=0$ .
(b) $y$ $x$ , $\rho(y)=\rho(x)+1$ .
, $P_{i}=\rho^{-1}(i)=\{x\in P:\rho(x)=i\}$ .
, .
. $P$ , $\wedge 0$ . ,
$\alpha_{P}(0arrow n)=\sum_{x\in P_{n}}e_{P}(x)$
$=\#\{c=(x_{0}<x_{1}<\cdots<x_{n}) : x_{i}\in P_{i}\}$
.
, tableau . ( ,
) $\mathcal{P}$ . $\lambda\in \mathcal{P}$ . $\lambda$
Young 1 ,
, , shape
$\lambda$ semi-standard tableau . $A\subset \mathbb{N}(\neq A=|\lambda|)$ , $A$
1 shape $\lambda$ semi-standard tableau , A shape
$\lambda$ standard tableau . $A$ shape $\lambda$ standard tableau
STab $(\lambda;A)$ . $[\uparrow\tau]=\{1,2^{\cdot}, . . . , n\}$ standard tableau
2
30’
standard tableau . , $\#STab(\lambda;A)$ $\lambda$ $\# A$
. , $\emptyset=\lambda^{(0)},$ $\lambda^{(1)},$ $\ldots,$ $\lambda^{(n)}=\lambda$ , $i$
$\lambda^{(i)}$ Young $\lambda^{(i-1)}$ Young 1
, $\lambda^{(i-1)}$ Young 1
$UDTab_{n}(\lambda)$ .
semi-standard tableau $T$ $r\in N$ , $T$ $r$ (row)
insert semi-standard tableau $Tarrow r$ . , $A$
standard tableau $T$ , $T$ $(1, 1)$ sliding algorithm
$A-\{T(1,1)\}$ standard tableau $\triangle(T)$ .
\S 2. Young Robinson-Schensted
, Robinson-Schensted ( , R-S )
$(P, Q)$ : $\mathfrak{S}_{n}$ $arrow^{\sim}$
$\lambda\vdash nLI$
STab $(\lambda;[n])$ $\cross$ STab$(\lambda;[n])$
$w$ $\mapsto$ $(P(w) , Q(w))$
Young .
$\mathcal{P}$ Young (Young’s
lattice) , $Y$ : $\lambda,$ $\mu\in Y$ ,
$\lambda\geq\mu\Leftrightarrow\lambda_{i}\geq\mu_{i}$ $(i\geq 1)$ .
, $\lambda$ Young $\mu$ Young , $\lambda\geq\mu$ .
$\rho(\lambda)=|\lambda|$ , $Y$ ,
$Y_{n}=$ { $\lambda\in Y$ : $\lambda$ $\uparrow$? }
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, $Y$ $\emptyset=(0,0, \ldots)$ .
$\lambda\in 1_{n}^{\nearrow}$ , $\emptyset$ $\lambda$ saturated chain $(\emptyset=\lambda^{(0)}<\lambda^{(1)}<\cdots<$
$\lambda^{(n)}=\lambda)(\lambda^{(i)}\in l_{i}^{r}’)$ skew diagram $\lambda^{(i)}-\lambda^{(i-1)}$ $i$
shape $\lambda$ standard tableau .
$(\emptyset$






$w$ – $(c_{1}(w) , c_{2}(w))$
(1) $c_{1}(w^{-1})=c_{2}(w)$ , $c_{2}(w^{-1})=c_{1}(w)$






:(a) R-S . (1) , R-S
$I(\mathfrak{S}_{n})$
$arrow^{\sim}$ $\{(c, c) : c\in C_{Y}(\lambda), \lambda\in 1^{r_{n}}\}$
$w$ $\mapsto$ $(c_{1}(w), c_{1}(w))$
, (b) .
, $\alpha(0arrow n)=\sum_{\lambda\vdash n}e_{Y}(\lambda)$ .
2.3.
$\sum_{n=0}^{\infty}a_{Y}(0arrow??)\frac{z^{n}}{n!}=\exp(z+\frac{1}{2}z^{2})$
: 22 , $\alpha_{Y}(0arrow n)=i(\mathfrak{S}_{n})$ . $x\in \mathfrak{S}_{n}$ ,









\S 3. Young wreath
\S 2 Young .
Young $Y$ $k$ $Y^{k}$ . , $Y^{k}$
$\prime P$ $k$ ,
$(\lambda^{1}$ , . . . , $\lambda^{k})\geq(\mu^{1}, \ldots, \mu^{k})\Leftrightarrow\lambda^{i}\geq\mu^{i}$ $(i=1, \ldots, k)$ .
. $\rho(\lambda^{1}, \ldots, \lambda^{k})=|\lambda^{1}|+\cdots+|\lambda^{k}|$ , $Y^{k}$
,
$(Y^{k})_{n}=\{(\lambda^{1}, \ldots, \lambda^{k})\in Y^{k} : |\lambda^{1}|+\cdots+|\lambda^{k}|=n\}$
, $Y^{k}$ $\wedge 0=(\emptyset, \ldots, \emptyset)$ . $\lambda=(-\lambda^{1}, \ldots, \lambda^{k})\in(Y^{k})_{n}$
, $\wedge 0$ $\lambda$ saturated chain
$C_{Y^{k}}(\lambda)=\{0=\lambda^{(0)}\wedge<\lambda^{(1)}<\cdots<\lambda^{(n)}=\lambda:\lambda^{(i)}\in(Y^{k})_{i}\}$
(2) $e_{Y^{k}}( \lambda)=\# C_{Y^{k}}(\lambda)=\frac{n!}{|\lambda^{1}|!\cdots|\lambda^{k}|!}e_{Y}(\lambda^{1})\cdots e_{Y}(\lambda^{k})$
, $\Gamma$ . $\Gamma$ $\mathfrak{S}_{n}$ wreath ,
$\Gamma l\mathfrak{S}_{n}$ . , $\Gamma l\mathfrak{S}_{n}$ ,
$0$ $\Gamma$ $n\cross n$ $X=(x_{ij})$ , $0$ $(\Gamma$
) 1 . ,
. $\Gamma l\mathfrak{S}_{n}$ $(\#\Gamma)^{n}n!$ .
, $\Gamma$ 2 $\Gamma$ ? $\mathfrak{S}_{n}$ $B_{n}$ Weyl .
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, $\{\eta_{1}, \ldots, \eta_{k}\}$ $\Gamma$ , $\eta_{i}$ $d$ ;
. , $\Gamma 1\mathfrak{S}_{n}$ $(Y^{k})_{n}$ . $\lambda$
$=(\lambda^{1}, \ldots, \lambda^{k})\in(Y^{k})_{n}$ $\Gamma 1\mathfrak{S}_{n}$ $\chi^{\lambda}$
(3) $\chi^{\lambda}(1)=e_{Y^{k}}(\lambda)\prod_{i=1}^{k}d_{i}^{|\lambda^{i}|}$
. ,








: $X=(x_{ij})\in\Gamma l\mathfrak{S}_{n}$ $X^{2}=1$ , $0$




, 2.3 $t(\Gamma l\backslash t^{\sim_{n}}o)$ .
$\sim\backslash$
. , $i_{l}\dot{.}(G)=\#\{x\in G:x^{k}=1\}$
$\sum_{n=0}^{\infty}i_{k}(\Gamma 1\mathfrak{S}_{n})\frac{z^{n}}{\uparrow\tau!}=\prod_{d|k}\exp(\frac{(\#\Gamma)^{d-1}i_{k/d}(\Gamma)}{d}z^{d})$




3.3. $\Gamma$ 2 , $\Gamma$ $r$
$\sum$ $e_{Y^{r}}(\lambda)=i(\Gamma 1\mathfrak{S}_{n})$
$\lambda\in(Y^{r})_{n}$
3.1 3.2 Young , (R-S
) . , \S 5













, . $\lambda=(\lambda^{1}, \ldots, \lambda^{k})$ $\Gamma 1\mathfrak{S}_{n}$
$\chi^{\lambda}$ $\Gamma l\mathfrak{S}_{n-1}=\{X=(x_{ij}):x_{nn}=1\}$
(5) $\chi^{\lambda}\downarrow\Gamma l\mathfrak{S}_{n-1}=\sum d_{i}$
$i=1$ $\lambda^{i}$ \mbox{\boldmath $\mu$}i
$\chi^{(\lambda^{1},\ldots,\mu^{:},\ldots,\lambda^{k})}$
.
\S 4. wreath Robinson-Schensted





. $f\tau$ , $A,$ $B,$ $\lambda$ $A:\Gamma-arrow 2^{[n]},$ $B:\Gammaarrow 2^{[n]}(2^{[n]}$
$[n]$ ), $\lambda$ : $\Gammaarrow Y$ .
$\wedge,I_{/\in}1_{r^{A(\gamma)}}=\prod_{\gamma\in\Gamma}B(\gamma)=[n]$
(disjoint union),
$\# A(\gamma)=\# B(\gamma)=|\lambda(\gamma)|$ $(\gamma\in\Gamma)$ .
, $Fl\mathfrak{S}_{n}$ $\mathcal{T}_{\Gamma,n}$ . $X=(x_{ij})\in\Gamma l\mathfrak{S}_{n}$
. $\gamma\in\Gamma$ , $X$ $\gamma$ 1 ,
$0$ $(0,1)$ - $X_{\gamma}$ . , $X_{\gamma}$
Knuth semi-standard tableau $(P_{\gamma}(X), Q_{\gamma}(X))$
. , $X_{\gamma}$ $0$ , $q_{i}$ $(1 \leq i\leq k)$
, $q_{1}<q_{2}<\cdots<q_{k}$ ,
$P_{\gamma}(X)=\emptysetarrow p_{1}arrow p_{2}arrow\cdotsarrow p_{k}$
, $Q_{\gamma}(X)$ tableau $\emptysetarrow p0arrow\cdotsarrow p_{i-1}$ $p_{i}$ insert
$q_{i}$ tableau . ,
$(P_{\gamma}(X), Q_{\gamma}(X))_{\gamma\in\Gamma}\in \mathcal{T}_{\Gamma,n}$ .
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g $\Gamma$ , 3 $Z_{3}=\{1, \omega, \omega^{2}\}(\omega^{3}=1)$ ,
$X=(\omega^{0}00_{2}000\omega 000000\omega 0000000000001\dot{\omega}_{0}^{0}0^{2}000\omega 0000000100000]\in Z_{3}l\mathfrak{S}_{7}$











$\Gamma 1\mathfrak{S}_{n}$ $arrow$ $\mathcal{T}_{\Gamma,n}$
$X$ – $(P_{\gamma}(X), Q_{\gamma}(X))_{\gamma\in\Gamma}$
, .
(a) $P_{\gamma}(X^{-1})=Q_{\gamma^{-1}}(X)$ , $Q_{\gamma}(X^{-1})=P_{\gamma^{-1}}(X)$
$x_{0}=(\delta_{i,n+1-j})\in\Gamma$ ? $\mathfrak{S}_{n}$
(b) $P_{\gamma}(X_{0}X)={}^{t}P_{\gamma}(X)^{S(n)}$ , $Q_{\gamma}(X_{0}X)=2Q_{\gamma}(X)$
(c) $P_{\gamma}(XX_{0})={}^{t}P_{\gamma}(X)$ , $Q_{\gamma}(XX_{0})={}^{t}Q_{\gamma}(X)^{S(n)}$
, $T\in$ STab $(\lambda;A)(A\subset[n])$ , $T^{S(n)}\in STab(\lambda;\overline{A})(\overline{A}=$
$\{n+1-a :a\in A\})$ tableau :
, $\overline{a}$ .
, $\lambda=(\lambda^{1}, \ldots, \lambda^{k})\in(Y^{k})_{n}$ ,
$C_{Y^{k}}(\lambda)arrow(A_{1},.,A_{k})[..1^{STab(\lambda^{1};A_{1})\cross}$
. . .
$\cross STab(\lambda^{k} ; A_{k})$
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( $(A_{1},$ $\ldots,$ $A_{k})$ $II_{i=1}^{k}A_{i}=[n]$ $[n]$ )
. , $k=2$ ,
$(\emptyset, \emptyset)<(\coprod, \emptyset)<(\coprod,\coprod)<$
.









4.3. $\Gamma$ 2 , $r$ , 4.2
$c_{1}(X^{-1})=c_{2}(X)$ , $c_{2}(X^{-1})=c_{1}(X)$
,





$\sum$ $e_{1^{\nearrow r}}(\lambda)=i(\Gamma l\mathfrak{S}_{n})$
$\lambda\in(Y^{r})_{n}$
\S 5. r-differential poset
3.1, 3.2 Young r-differential poset
(poset partially ordered set ) .
. $r\in N$ . (D1), (D2), (D3)
r-differential poset .
(D1) $P$ $\wedge 0$ , $x<y$
, $\{z\in P:x\leq z\leq y\}$ .
(D2) $x\neq y$ , $\#(C^{+}(x)\cap C^{+}(y))=\#(C^{-}(x)\cap C^{-}(y))$ .
(D3) $x\in P$ , $\# C^{+}(x)=\# C^{-}(x)+r$
5.1. Young $Y^{r}$ r-differential poset .
: , $P$ r-differential poset , $Q$ s-differential poset $k$
, $P\cross Q$ ( $r$ +s)-differential poset . , $Y$
l-differential poset , (D1), (D2)
Young . (D3) , $\lambda\in Y$




5.2. ([St2, Prop.3.1, Cor.3.9]) $P$ r-differential poset
(6)
$\sum_{x\in P_{n}}e_{P}(x)^{2}=r^{n}n!$
(7) $\sum_{\tau\iota\geq 0}\alpha_{P}(0arrow n)\frac{t^{n}}{n_{4}^{1}}=\exp(rt+\frac{1}{2}rt^{2})$
.
. $P$ r-differential
poset . $t$ $\mathbb{C}$ 1 $K$ , $P$
$K$ ( ) $K$ $\hat{K}P$ .




, $P=\sum_{x\in P}x\in\hat{K}P$ . , r-differential poset
(8) DU–UD $=r$ .Id
(9) $DP=(U+r)P$
. $c$ . $P$ $\wedge 0$ , $n$ $P_{n}$




5.2 : , $\sum_{x\in P_{n}}e_{P}(x)^{2}$ $D^{n}\zeta^{\gamma n_{0}^{\wedge}}$ $\wedge 0$
. , (8) $D0=0\wedge$ ,
$D^{?\iota}U^{n_{0=}^{\wedge}}?^{-.\tau\iota}n!0\wedge$
, $\sum_{x\in P_{n}}e_{P}(x)^{2}=r^{n}\uparrow\tau!$ . , (7) ,
(10) $e^{Dt}P=e^{rt+rt^{2}/2+Ut}P$
. , (10)
$DH(t) P=\frac{\partial H}{\partial t}(t)P$ , $H(0)P=P$
, (8), (9) (10)
. , $\alpha_{P}(0arrow n)$ $D^{n}P$ $\wedge 0$ ,
$\sum_{n\geq 0}\alpha_{P}(0arrow n)t^{n}/n!$ $e^{Di}P$
$\wedge 0$ . ,
$k>0$ , $x\in P$ $U^{k}x$ $\wedge 0$ , (10) $\wedge 0$
$\exp(rt+\frac{1}{2}rt^{2})$ . , (7) .
, $P$
, differential poset . ,
.
5.3. ( $[St$ , Prop.3.14]) $P$ r-differential poset . $\text{ _{}X}\in P$
$\uparrow t\in \mathbb{N}$ , $P$ $\wedge 0=x_{0},$ $x_{1},$ $\ldots,$ $x_{n-1},$ $x_{n}=x$ , $x_{i}\in$
$C^{+}(x_{i-1})\cup C^{-}(x_{i-1})(i=1, \ldots : \cdot n)$ $\delta_{n}(x)$ .
,





, Berere insertion . $([Su$,
\S 8])
$P=Y^{r}$ , $D,$ $U$
. $Y^{r}$ $K$ $K(Y^{r})$ , $\hat{K}(Y^{r})$
, $U,$ $D$ $K(Y^{r})$ . $\Gamma$ $r$
. $\Gamma l\mathfrak{S}_{n}$ $K$ $CF_{K}(\Gamma \mathfrak{l}\mathfrak{S}_{n})$
, $\lambda\mapsto\chi^{\lambda}$ , $K(Y^{r})\cong\oplus_{n\geq}oCF_{K}(\Gamma l\mathfrak{S}_{n})$ .
, $K(Y^{r})$ $\oplus_{n\geq 0}CF_{\Lambda’}(\Gamma t\mathfrak{S}_{n})$ ,
$U=\oplus_{n\geq 0}Ind_{\Gamma|\mathfrak{S}_{n}}^{\Gamma l\mathfrak{S}_{n+1}}$
$D=\oplus_{n\geq 0}{\rm Res}_{\Gamma}^{\Gamma}|_{\mathfrak{S}_{n}^{n+1}}^{\mathfrak{S}}$
, $Ind_{H}^{G}$ $H$ $G$ induce up , ${\rm Res}_{H}^{G}$ $G$ $H$
. (\S 2 (5) . ) , $UD$
, .





, $\Gamma$ , . $\gamma$. $\in\Gamma$
$l\in N$ , $U_{\Gamma}(\gamma_{n}.l),$ $D_{\Gamma}(’\gamma_{j}^{J}l)$ : $K(Y^{r})arrow K(Y^{r})$
$arrow U_{\Gamma}(’)^{f\iota^{x1}})(\lambda^{1}, \ldots, \lambda^{k})=\sum_{i=1}^{k}\uparrow 7i(\gamma)\sum_{\mu^{;}}(-1.)^{ht(\mu^{i}/\lambda^{i})}(\lambda^{1}\backslash \cdot’$ . . . , $\mu^{i}$ , . . . , $\lambda^{k})$
$D_{\Gamma}( \gamma, l)(\lambda^{1}, \ldots, \lambda^{k})=\sum_{i=1}^{k}\uparrow 7i(’)^{\prime^{-1}})\sum_{:,\nu},.,$ $t/.$ .
, $\mu^{i}$ (resp. $l/^{i}$ ) skew diagram $\mu^{i}/\lambda^{i}(resp.\lambda^{i}/\iota/^{i}$ ,
$|\mu^{i}|-|\lambda^{i}|=l$ (resp. $|\lambda^{i}|-|\iota/^{i}|=l$ ) $\mu^{i}>\lambda^{i}$ (resp. $\nu^{i}<\mu^{i}$ )
, $ht(\lambda/\mu)$ skew diagram $\lambda/\mu$ -1 .
,
5.5. ( $[O$ , Prop.5.4]) $\Gamma 1\mathfrak{S}_{n}$ $U_{\Gamma}(\gamma, l)D_{\Gamma}(\gamma, l)$
$(\gamma\in\Gamma, l\in \mathbb{N})$ .
[O] S. Okada, $T\cdot Vr\cdot eath$ products by the symmetric groups and product
posets of Young’s lattices, to appear in J. Combin. Theory A.
[St] R. P. Stanley, Differential posets, J. Amer. Math. Soc 1 (1988),
919-961.
[Su] S. Sundaram, On the combinatorics of representations of $Sp(2n, \mathbb{C})$ ,
Ph.D. thesis. M.I.T..
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